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Abstract
Relativistic fluid hydrodynamics, organized as an effective field theory in the velocity
gradients, has zero radius of convergence due to the presence of non-hydrodynamic
excitations. Likewise, the theory of elasticity of brittle solids, organized as an effective
field theory in the strain gradients, has zero radius of convergence due to the process of
the thermal nucleation of cracks. Viscoelastic materials share properties of both fluids
and solids. We use holographic gauge theory/gravity correspondence to study all order
hydrodynamics of relativistic viscoelastic media.
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1 Introduction
The applications of the gauge theory/string theory correspondence [1, 2] towards non-
equilibrium dynamics of relativistic plasma led to a modern perspective on hydrody-
namics [3–5] as an effective field theory (EFT) where the role of higher-dimensional
operators and their coupling constants is being played by higher-order gradient combi-
nations of the local fluid velocity field uµ, in irreducible representations of the symmetry
group of the theory, and the transport coefficients correspondingly. For example, in the
case of uncharged conformal fluids in background metric gµν , the local stress-energy
2
tensor T µν takes the form [3]
T µν = ǫ uµuν + P (ǫ) ∆µν +
∞∑
i=1
Πµν(i) , ∆
µν = gµν + uµuν , (1.1)
where ǫ and P (ǫ) are the local energy density and the pressure, and the Πµν(i) collects
all operators involving a total of i derivatives of the local velocity and the metric.
Explicitly,
• for i = 1:
Π(1) = η(ǫ) O1,1
Oµν1,1 = −∆µα∆νβ
(∇αuβ +∇βuα)+ 2
3
∆µν (∇ · u) ,
(1.2)
where η is the shear viscosity;
• for i = 2:
Π(2) = ητΠ O2,1 + κ O2,2 + λ1 O2,3 + λ2 O2,4 + λ3 O2,5
O2,1 =
[
O1 −O2 − 1
2
O3 − 2O5
]
, O2,2···5 = O2···5
(1.3)
where τΠ is the shear relaxation time, and κ and λ1···3 are the four additional
second-order transport coefficients. See eq. (3.7) in [3] for the definition of Oµν1···5.
For non-conformal relativistic fluids there is an additional first-order in the gradients
operator, O1,2,
Π(1) = η(ǫ) O1,1 + ζ(ǫ) O1,2 , Oµν1,2 = −∆µν (∇ · u) (1.4)
with the coupling constant being the bulk viscosity ζ , and 15 second-order in the
gradients operators with 10 independent transport coefficients [5, 6]. A substantial
effort of the community1 was dedicated to the computation of the transport coefficients
from the first principles, using the framework of the holographic correspondence.
While it was clear that from the gauge theory/gravity correspondence it is possible
in principle to extend the program of [3, 5], to arbitrary order in the velocity gradi-
ents, it was not until the work of [7] when this was practically implemented for the
boost-invariant flow of N = 4 supersymmetric Yang-Mills (SYM) theory. Using the
1We will not review this progress here.
3
first 240 terms of the gradient expansion, the authors observed a factorial growth of
gradient contributions at large orders, which indicated a zero radius of convergence
of the hydrodynamic series. Furthermore, they identified the leading singularity in
the Borel transform of the hydrodynamic energy density with the lowest nonhydro-
dynamic excitation corresponding to a ‘nonhydrodynamic’ quasinormal mode on the
gravity side.
A related conclusion was reached in the analysis of the nonlinear elastic theory of
brittle materials [8, 9]. Consider a 2D brittle material with a Young’s modulus Y , a
Poisson ratio σ, and a ’brittle crack surface tension’ α. At a finite temperature T ,
due to thermal nucleation of cracks, the free energy F of the material subject to the
external uniform tension P (negative compression) develops an essential singularity,
ImF(P ) = 2T|P |
(
TY
λ2(1− σ2)
)1/2(
2π
A
λ2
)
exp
{
− 4Y α
2
πTP 2(1− σ2)
}
, |P | ≪ Y
(1.5)
where A is the elastic material area and λ is the ultraviolet cutoff in the theory (roughly,
the interatomic distance). Assuming that the free energy is an analytic function in the
complex P plane except for a branch cut along P ∈ (−∞, 0], a Cauchy representation
for (1.5) implies that the power series for the inverse bulk modulus
1
K(P )
≡ − 1
V
(
∂V
∂P
)
T
= − 1
PA
(
∂F
∂P
)
T
=
∞∑
n=0
cnP
n (1.6)
is an asymptotic expansion with
cn+1
cn
→ −n1/2
(
πT (1− σ2)
8Y α2
)1/2
, as n→∞ (1.7)
i.e., , the high-order terms cn in the perturbative expansion for the inverse bulk modulus
roughly grow as (n/2)!. For brittle 3D elastic materials the scaling is cn+1/cn ∼ n1/4
as n → ∞. We should stress that unlike the boost-invariant N = 4 SYM conformal
relativistic hydrodynamics, where the higher-order terms were explicitly calculated and
the essential singularity in the Borel-resumed expression was identified with the non-
perturbative effects (the nonhydrodynamic modes in plasma), in the nonlinear elastic
theory, the brittle non-perturbative effects (cracks) were conjectured to imply the zero
radius of convergence of the perturbative in strain expansion.
Fluids and solids are different. Most notably, fluids lack the shear elastic modulus,
and as a result the transverse sound modes in fluids are non-propagating (purely dissi-
pative). Viscoelastic materials are rather interesting as they share both the properties
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of fluids and solids: they flow (and thus one can formulate for them the hydrodynamic
theory) and they also exhibit elastic characteristics when undergoing deformation. Re-
cent advances in engineering holographic viscoelastic materials [10–14] opened a possi-
bility to explore large-order in the velocity gradients hydrodynamics of materials with
a control parameter that smoothly interpolates between the fluids and solids. This is
precisely the focus of the paper: following the set-up of [15,16] we study the asymptotic
properties of viscoelastic hydrodynamics for the holographic models inspired by [13]
and the earlier work [17]. En passant we analyze, within linear response, the viscoelas-
tic properties of the model and in particular the elastic moduli and the viscosities and
we make contact with the results from the QNMs spectrum.
In the next section 2 we introduce the holographic model describing the viscoelas-
tic media. Translational invariance is explicitly broken as in [17]. Typical holographic
observables, the one- and two-point correlation functions, ’feel’ this explicit symme-
try breaking through a messenger sector experiencing explicit or spontaneous flavor
symmetry breaking. Next, we discuss the thermodynamics of the model in section 3.
We follow in section 4 highlighting the elastic features of our holographic media. In
section 5 we discuss all-order hydrodynamics of the model undergoing homogeneous
and isotropic expansion. We conclude in section 6. We provide more details about the
model and the computations in the appendices A, B, C.
2 The model
Our model realizes the idea of holographic Q-lattices introduced in [17]. It shares the
viscoelastic properties of the related models [10–14, 18–22].
Our effective action is defined by2
S =
1
16πGN
∫
M5
d5x
√−g
[
R + 12− 1
2
(∂φ)2 − 1
4
(1 + γφ2) F 2 +
∆(4−∆)
2
φ2
− 1
2
φ2
3∑
I=1
{
λ1(∂ψI)
2 + λ2
(
(∂ψI)
2
)2}] (2.1)
where ∆ is the scaling dimension of the boundary operator dual to the bulk field φ
and the bulk coupling constants satisfy λi > 0, γ > 0. The action (2.1) can be thought
2We do not have a string theory embedding of the model. As a result, the boundary interpretation
of a higher-derivative bulk coupling λ2 is unclear.
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as a generalization of an effective Maxwell-Einstein-Hilbert action with three complex
scalar fields with SU(3) symmetry (see App.A for more details about it).
In this paper we discuss states of the holographic viscoelastic media (2.1) with
explicit breaking of the translational invariance, i.e., we turn on the non-normalizable
components of the ’axions’3 ψI :
ψI = k δ
J
I xJ , k > 0 (2.2)
where xJ=1···3 are the spatial directions of the boundary gauge theory. We retain the
SO(3) invariance in the spatial coordinates. As a definition of the model, we assume
the periodicity of ψI in the field space as in eq.(A.2)
The ansatz (2.2) implies that all the spatial coordinates are periodically identified:
xJ ∼ xJ + 2π
k
√
3
(2.3)
thus, we have a cubic spatial lattice. The remaining gravitational fields are taken to
depend only on the AdS radial coordinate x and the time t:
ds2 = −2dt
(
dx
x2
+ A(t, x) dt
)
+ Σ(t, x)2 dx2 , dx2 =
3∑
J=1
(dxJ)
2
Aµ = δ
t
µ a0(t, x) , φ = φ(t, x)
(2.4)
The AdS boundary is at x→ 0+, and the background metric of the dual gauge theory
is taken as
ds24 = −dt2 + a(t)2 dx2 , =⇒ lim
x→0+
xΣ(t, x) = a(t) (2.5)
The equations of motions obtained from (2.1) are shown in Appendix A.
Generically, the geometry (2.4) will have an apparent horizon xAH , located at
d+Σ
∣∣∣∣
x=xAH
= 0 (2.6)
see [23]. Following [24,25] we associate the non-equilibrium entropy density S with the
3The fields ψI are genuine axions only when λ1 = 1 and λ2 = 0. Thinking about these fields as
axions allows for an intuitive understanding why the holographic media shares viscoelastic properties.
As we demonstrate explicitly later, the media enjoys nonzero shear elastic modulus for all {λ1, λ2}.
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Bekenstein-Hawking entropy of the apparent horizon (AH) in the geometry4,
a(t)3S = Σ
3
4GN
∣∣∣∣
x=xAH
(2.7)
Taking the derivative of the entropy density and using the holographic equations of
motion we find
d(a3S)
dt
=
2x2(Σ3)′(d+φ)2
(a′0)2(1 + γφ2)x4 + φ2
(
∆(∆− 4) + 3λ1k2
Σ2
+ 3λ2k
4
Σ4
)− 24 (2.8)
We conclude this section with the following observations.
• Our system admits a general solution describing the homogeneous and isotropic
expansion of a plasma in the generic background metric (2.5):
φ = 0 , Σ =
a(t)
x
, a0 =
Q(x2ha(t)
2 − x2)
a(t)3
,
A =
1
2x2
− a˙(t)
xa(t)
+
x4Q2
6a(t)6
− x
2
a(t)4
(
1
6
x2hQ
2 +
1
2x4h
) (2.9)
From (2.6), the dynamical (apparent) horizon xAH is located at
xAH = xha(t) (2.10)
The corresponding (dynamical) thermal characteristics of the state are
µ =
Qx2h
a(t)
, Q = Q
a(t)3
, T =
1
a(t)
(
1
πxh
− Q
2x5h
6π
)
S = 2π
x3ha(t)
3
, E = 1
a(t)4
(
3
2x4h
+
Q2x2h
2
)
+
3a˙(t)4
a(t)4
P = 1
3
E − 4a˙(t)
2a¨(t)
a(t)3
(2.11)
where µ is the chemical potential, Q the charge density, T the temperature, S
the entropy density, E the energy density and finally P the pressure.
Notice that there is no comoving entropy production:
d
dt
{
a(t)3S} = 0 (2.12)
4The location of the AH, and hence the definition of the non-equilibrium entropy, is not unique.
Here, the choice of the slicing — fixed radial coordinate x in (2.4) — is motivated by the spatial
symmetry of the boundary non-equilibrium states considered. Such a definition correctly reproduces
the hydrodynamic limit (see [15]), and guarantees that the comoving entropy production rate (2.8) is
non-negative, see [26].
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This, along with the conformal anomaly contributions to the energy density and
the pressure in (2.11), expresses the statement that the state (2.9) is a Weyl
transform of the thermal equilibrium state with a(t) = 1, see [26]. To avoid
unnecessary cluttering of the formulas we set 8πGN = 1 henceforth.
• In the static limit a(t) = 1 we obtain the familiar AdS5 Reissner-Nordstro¨m black
brane solution where xh is the position of the horizon and Q the charge density
of the dual theory.
• Despite the fact that translational invariance is broken explicitly due to (2.2), the
thermal equilibrium states of our viscoelastic media (2.9) do not feel this breaking
because the messenger field φ vanishes identically. In this case the discrete Z2
symmetry φ↔ −φ is unbroken. Asymptotically near the boundary5, we have
φ = δ∆ x
4−∆ [1 + · · · ] + f∆(t) x∆ [1 + · · · ] , 2 ≤ ∆ < 4 (2.13)
where a constant δ∆ is a source term (coupling constant of the dual operator), and
f∆ is its expectation value. When δ∆ 6= 0, the parity Z2 symmetry is explicitly
broken; it can also be spontaneously broken when δ∆ = 0 provided the energy
density of the state with Q 6= 0 is sufficiently small. Whenever this Z2 symmetry
is broken, the one-point correlation function of the stress-energy tensor is sensitive
to the explicit translational invariance breaking (2.2).
3 Phase diagram of the holographic viscoelastic media
While it is straightforward to analyze the phase diagram of the equilibrium thermal
states of the viscoelastic media holographically represented by (2.1), the task is daunt-
ing given the dimensionality of the parameter space of the model: the bulk couplings
{γ, λ1, λ2}, the lattice spacing ∆x ≡ 2π/(k
√
3), the scaling dimension ∆ of the relevant
operator Oφ, and the boundary conformal symmetry breaking coupling constant δ∆.
These parameters have to be supplemented by the temperature T and the chemical
potential µ (for a grand canonical ensemble equilibrium states), or the energy density E
and the charge density Q (for a microcanonical ensemble equilibrium states). In what
follows, we mostly restrict the bulk parameters of the holographic dual to the choice
∆ = {2, 3} , {γ, λ1, λ2} = {1, 0, 1} (3.1)
5When ∆ is an integer the asymptotic expansion includes the lnx terms.
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The lattice spacing ∆x is allowed to vary to interpolate from the more-fluid-like be-
havior k ≪ T to the more-solid-like behavior k ≫ T of our viscoelastic media.
We begin in section 3.1 discussing the linearized stability of the Z2-invariant RN
state ((2.9) with a(t) = 1) at extremality (T = 0). We continue with the linearized
stability analysis in the microcanonical and grand canonical ensembles and determine
the critical energy density and temperature. We discuss the fully non-linear phase
diagram of the ∆ = 2 and δ2 = 0 model in section 3.2.
3.1 BFology and critical phenomena
The Z2 invariant thermal equilibrium states of the viscoelastic media represented by
the bulk geometry (2.9) in the static limit a(t) = 1, do not feel the explicit translational
invariance breaking (2.2). Following [27], we expect that close to the extremality, these
states with Q 6= 0 will become unstable to spontaneous Z2 symmetry breaking due to
the condensation of φ. Of course, the onset of the instability is sensitive to ∆x (or k),
as well as to the bulk couplings {γ, λ1, λ2}. Indeed, the linearized φ-fluctuations about
the RN background satisfy
0 =∂2τzφ−
(z2 − 1)(q2z4 − 3z2 − 3)
6
∂2zzφ−
3q2z6 − q2z4 − 3z4 − 9
6z
∂zφ
− 3
2z
∂τφ+
m2eff
2z2
φ ,
m2eff ≡∆(∆− 4)− z2(4γq2z4 − 3λ2s4z2 − 3λ1s2) , φ = φ(τ, z)
(3.2)
where we introduced
τ ≡ t
xh
, z ≡ x
xh
∈ [0, 1] , Q = q
x3h
, k =
s
xh
(3.3)
In the next section we determine the precise critical energy and temperature for
the presence of the normalizable mode of (3.3). For now, we determine the boundaries
of the gravitational bulk parameter space region that would guarantee the onset of the
instability at the extremality of the Z2 symmetric solution. This “BFology” analysis
is done applying the Breitenlohner-Freedman (BF) bound to φ scalar in the infrared,
i.e., z → 1, of the extremal RN solution which can be achieved by setting q → √6−.
In the latter case the near horizon (IR) geometry is that of AdS2×R3 with the radius
of the AdS being
L22 =
L2
12
=
1
12
(3.4)
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Figure 1: Instability of the Z2 symmetric phase (the green region) of the holographic
viscoelastic media for the choice of parameters (3.1), see (3.6).
and the effective IR mass of φ:
m2AdS2 = m
2
eff
∣∣∣∣
{z=1,q=√6}
= ∆(∆− 4)− 24γ + 3 λ2 s4 + 3 λ1 s2 (3.5)
The BF bound implying the onset of the instability reads
m2AdS2L
2
2 < −
1
4
⇐⇒
(
∆(∆− 4)− 24 γ + 3 λ2 s4 + 3 λ1 s2 + 3
)
< 0 (3.6)
Some examples of regions of the gravitational bulk parameter space leading to spon-
taneous breaking of Z2 symmetry are shown in fig. 1. Since λi > 0 increasing the
(dimensionless) lattice spacing s makes the instability more difficult to appear. On the
contrary, the coupling γ enhances the instability.
We move now to identify critical points for the onset of the Z2 symmetry breaking
instability in microcanonical and grand canonical ensembles for our benchmark model
(3.1). We allow the lattice spacing ∆x to vary. To this end, we need to find the
normalizable solutions of (3.2) at the threshold of instability:
φ ≡ φ(z) , φ = z∆ (1 +O(z4)) , φ = fh∆,0 +O((1− z)) (3.7)
where we exploited the linearity of (3.2) to fix the normalizable coefficient at the
boundary to 1.
Numerical results for the onset of the instability are presented in fig. 2 (in both
microcanonical and grand canonical ensembles). The onset is pushed to the extremality
10
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Figure 2: Critical value of T/µ and E
3
Q4 below which Z2 symmetry of the RN phase is
spontaneously broken. E
3
Q4 |extremal = 8132 and s∆,max is the maximal value of the bulk
parameter s (3.3), determined by (3.8). The blue and orange curves refer to ∆ = 2, 3.
once s reaches the boundary of the instability region, see (3.6):
s∆,max =
(
7 +
∆(4−∆)
3
)1/4
=


51/2
31/4
, ∆ = 2
81/4 , ∆ = 3
(3.8)
3.2 Spontaneous symmetry breaking and phase diagram
In the previous section we discussed the critical phenomena in the Z2-invariant sector
of the model (2.1) both in microcanonical and grand canonical ensembles, due to the
presence of ∆ = {2, 3} operators. The onset of the instabilities identifies a bifurcation
point on the thermal phase diagram of the system with a new Z2-broken phase branch-
ing off the Z2-symmetric phase. The symmetry broken phase, when it exists:
(a) dominates the symmetric phase both in microcanonical and grand canonical en-
sembles (as in [27])
(b) does not dominate the symmetric phase in either ensembles (as in some models
in [28, 29])
(c) dominates the symmetric phase in microcanonical ensemble, but not in a canon-
ical ensemble (as in some models in [30, 31])
In our model the case (a) is realized. In fig. 3 we present the phase diagram of
the model (2.1) with {γ, λ1, λ2} = {1, 0, 1}, ∆ = 2 and δ2 = 0 in microcanonical
ensemble6. The left panel represent the dimensionless ratio E
3
Q4 of the energy density E
6The story in grand canonical ensemble is equivalent.
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Figure 3: Phase diagram of the holographic viscoelastic media with spontaneous break-
ing of Z2 symmetry due to a dimension ∆ = 2 operator. The red curve is Z2
symmetric phase; the {orange,green,purple} curves represent Z2-broken phases with
s/s2,max = {0, 13 , 12}. The right panel enhances the entropy differences between the
symmetry broken and the symmetric phases at fixed energy density E and the charge
density Q.
and the charge density Q, normalized to its extremal value E3Q4 |extremal = 8132 , versus the
dimensionless ratio SQ involving the entropy density S. The red curve is the equilibrium
Z2 symmetric phase, and the {orange,green,purple} curves represent Z2-broken phases
with s/s2,max = {0, 13 , 12}. The right panel show the entropy differences between the
symmetry broken and the symmetric phases. The onset of the instabilities (the location
of the bifurcation points) agree to better than 1.5×10−3% with computations presented
in section 3.1. The analysis used to determined the phase diagram are standard and
we will not detail them here.
4 Viscoelastic properties
It is convenient to study elastic properties of the model (2.1) in Fefferman-Graham
(FG) coordinates system. Thus, we assume the following gravitational ansatz for the
equilibrium states:
ds2 = −A dt2 +B dx2 + C dx2 , Aµ = δtµ a0 , ψI = kδJI xJ (4.1)
where {A,B,C, a0} and φ are functions of the radial coordinate only. The correspond-
ing EOMs are given in Appendix A.
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To determine the retarded correlation function GRx1x2,x1x2(ω) that encodes the shear
elastic modulus and the shear viscosity of the media [32] we study the following time-
dependent metric fluctuation
ds2 → ds2 + 2h(t, x)C(x) dx1dx2 (4.2)
where C is an unperturbed metric warp factor, see (4.1). It is straightforward to verify
that fluctuations (4.2) decouple from all the other fluctuations at the linearized level.
Assuming the usual Fourier expansion h = e−iωtH(x) we find
0 = H ′′ +
1
2
H ′
(
ln
AC3
B
)′
+H
(
Bω2
A
− Bφ
2k2
C2
(
2k2λ2 + Cλ1
))
(4.3)
We look for a solution of (4.3) normalized to 1 near the AdS5 boundary, x → 0,
and representing an incoming wave at the horizon, x → xh. From the near-boundary
asymptotic expansion of the solution,
H = 1 + hb4(ω) x
4 +O (x5) (4.4)
the corresponding retarded correlation function reads
GRx1x2,x1x2(ω) = −
hb4(ω)
4πGN
(4.5)
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and it determines the shear elastic modulus G and the shear viscosity7 η as
G = lim
ω→0
Re
[GRx1x2,x1x2(ω)] , η = − limω→0 1ω Im [GRx1x2,x1x2(ω)] (4.9)
4.1 Viscoelastic properties to leading order in Z2 symmetry breaking
The Z2 symmetry breaking of the viscoelastic media state (either explicit or sponta-
neous) is mediated to the gravitational bulk scalar φ. In general, to find the shear
elastic modulus G and the shear viscosity η (4.9) one has to solve (4.3) numerically8.
Semi-analytic computations are possible to leading order in the symmetry breaking,
i.e., to order O(φ2). We outline the details of these computations in Appendix B. In
the main text we just collect the final expressions for {G, η} to leading order in the Z2
symmetry breaking:
16πGN G =
∫ xh
0
dx
√
AZ2BZ2
CZ2
(λ1k
2CZ2 + 2k
4λ2)φ
2
η
S =
1
4π
(
1−
∫ xh
0
dx
√
AZ2BZ2
CZ2
(λ1k
2CZ2 + 2k
4λ2)φ
2
{∫ x
0
dy
√
AZ2BZ2
C3
Z2
}) (4.10)
7In presence of the spontaneous/explicit breaking of translational invariance the definition of the
viscosity, its Kubo formula and its relation with the momentum diffusion constant become subtle
[20, 33, 34]. Nevertheless the usual expression in terms of Kubo formula still has a clear physical
interpretation as the rate of entropy production due to a strain [35]. For completeness let us just
summarize the main results of [35]. Given an external strain source δgxy = t∆, where ∆ is a constant,
the corresponding entropy production induced by the work of such external source is obtained as:
s˙ =
η
T
∆2 (4.6)
which very suggestively can be rewritten as:
1
T
d log s
dt
=
(η
s
) (∆
T
)2
(4.7)
Whenever temperature is the only scale in the system it is natural to expect ∆/T being order unit.
Most importantly the previous equation can be used to give a more universal definition of the η/s
ratio which does not rely on hydrodynamics. Moreover we can rewrite the KSS bound as a bound on
the entropy production of the system:
tpl
d log s
dt
≥ 1 (4.8)
where tpl is the Planckian time tpl ≡ ~/kBT .
8We will present an example of this computation in section 4.2.
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Figure 4: Shear elastic modulus (left panel) and the shear viscosity (right panel) of the
holographic viscoelastic media to leading order in the explicit Z2 symmetry breaking
(see (4.11) for the parametrization). The color coding corresponds to different values
of the ratio of temperature T to the chemical potential µ: T
µ
= 1
12
(red), T
µ
= 1
6
(green),
T
µ
= 1
3
(magenta) and T
µ
= 2
3
(blue). The former two values are below the critical values
of T/µ|crit at s = 0, and the latter two are above. Black curves correspond to neutral
viscoelastic media, i.e., µ = 0.
where we used the fact that to this order it is consistent to replace the metric warp
factors with those of the Z2-symmetric RN solution (see (B.1) for details). Notice that
with an explicit Z2 symmetry breaking G is divergent when λ1 6= 0 and ∆ ≥ 3; it is
divergent as well with λ1 = 0 and λ2 6= 0 provided ∆ = 4. When k = 0, the shear
elastic modulus vanishes and the shear viscosity attains its universal ratio [36]. In
other words for k = 0 the system is a perfect strongly coupled fluid with no elastic
properties and the viscosity saturating the KSS bound [37].
We conclude this section with a sample of results obtained using9 (4.10). We focus
on the case of an explicit Z2 symmetry breaking of the model with {g, λ1, λ2} = {1, 0, 1}
and ∆ = 2. It is important to remember that because (4.10) was obtained to order
O(δ2∆), large/divergent results are outside the approximation, and the full nonlinear in
the bulk scalar φ analysis must be performed. We define for simplicity
16πGN G
δ22
= Gˆ ,
η
S =
1
4π
(
1− δ
2
2
T 4
κ
)
(4.11)
The results of the computations (whose details are given in Appendix B) are presented
in figs. 4-5. We use T
µ
= { 1
12
, 1
6
} (red,green) which are below the critical temperature
for the Z2 spontaneous symmetry breaking (see fig. 1), and
T
µ
= {1
3
, 2
3
} (magenta,blue)
9Other cases can be analyzed in a similar fashion.
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Figure 5: Shear elastic modulus of the holographic viscoelastic media becomes very
large (diverges in O(δ22) approximation) at the critical point. The color coding corre-
sponds to different values of the ratio of temperature T to the chemical potential µ:
T
µ
= 1
12
(red), T
µ
= 1
6
(green) — both below the critical values of T/µ|crit at s = 0. The
dashed lines indicate the critical points, in perfect agreement with fig.2.
which are above the critical temperature. Black curves correspond to neutral viscoelas-
tic media, i.e., µ = 0. Both the shear elastic modulus and the correction to the shear
viscosity become large (divergent in O(δ22) approximation) at the critical point. This
is shown in 5 for T
µ
= { 1
12
, 1
6
} — the zeros in Gˆ−1 agree to better than 1% with the
results reported in fig. 2. Note that κ > 0 implying the violation of the KSS bound10.
4.2 Viscoelastic transport of the spontaneously broken Z2 phase
We discuss here the viscoelastic transport (elastic shear and bulk moduli) and the shear
viscosity of the spontaneously broken Z2 phase in the model (2.1). We focus on the
parameter set {γ, λ1, λ2} = {1, 0, 1} and ∆ = 2 (δ2 = 0, i.e. no explicit source, since
we consider the spontaneous symmetry breaking).
The technical details about the computations are given in Appendix C.
In the Z2 symmetric phase the shear modulus and the viscosity can be simply
obtained {
G
k4
= 0 ,
η
S =
1
4π
}
(4.12)
10The violation of the KSS bound in anisotropic setting has been observed earlier [38].
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Figure 6: The reduced shear elastic modulus G˜ = 16πGNG/k
4 (left panel) and the
reduced shear viscosity η˜ = (4πη/S − 1) (right panel) as a functions of k/T for select
values of T
µ
= { 1
12
, 1
6
}, {red,green} curves, at the criticality.
and they correspond to a fluid state which saturates the KSS bound and has no shear
elastic properties.
In fig. 6 we collect the numerical results for G˜ ≡ 16πGNG/k4 and η˜ ≡ (4πη/S − 1) for
select values of T
µ
as a function of k
T
. Notice that both the shear elastic modulus and
the deviation from the universal shear viscosity vanish in the limit k
T
→ 0; they also
vanish for large enough k
T
, when the Z2 symmetry is restored (see fig. 2). Red curves
correspond to T
µ
= 1
12
at the critical point, while the green curves correspond to T
µ
= 1
6
at the critical point.
In fig. 7 we study behavior of G˜ and η˜ in the vicinity of the critical point. Both
quantities vanish at criticality with the same critical exponent:
G˜ ∝
(
1− T
Tcrit
)αG
, η˜ ∝
(
1− T
Tcrit
)αη
, αG = αη = 1 . (4.13)
So far we focused on the shear elastic modulus. There is a simple way to compute the
bulk elastic modulus of the media, provided that the conformal symmetry is unbroken
— of course, this is the case for the phase of the model with the spontaneous Z2
symmetry breaking discussed in this section. To proceed with the computations, notice
that the equilibrium stress tensor of our media is compatible with the one of an isotropic
crystal [39, 40]:
T IJcrystal = [P +K ∂ ·Θ] δIJ + 2G
[
∂(IΘJ) − 1
3
δIJ ∂ ·Θ
]
(4.14)
where P is the equilibrium thermodynamic pressure, ΘJ are the phononic degrees
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Figure 7: The reduced shear elastic modulus G˜ = 16πGNG/k
4 (left panel) and the
reduced shear viscosity η˜ = (4πη/S − 1) (right panel) as a functions of T/µ close to
criticality at fixed value k
T
= 5.
of freedom which can be identified with the Stueckelberg fields of the translational
symmetry breaking;
∂(IΘJ) ≡ uIJ (4.15)
is the usual strain tensor. Notice that, contrarily to a perfect fluid, T Icrystal,I 6= 3P,
where P = −Ω, related to the grand potential density. In a CFT the full stress-
energy tensor vanishes T µµ = 0. Taking into account the definition of the energy
density T tt = E and the form of the spatial components of the stress tensor (4.14) we
immediately obtain
E = 3P + 9K (4.16)
which in absence of elastic properties is the usual conformal relation E = (d− 1)P.
Using the Smarr relation E + P = ST + µQ and combining it with (4.16) we obtain
the final formula for the bulk modulus:
K = 4E − 3(S T + µQ)
9
(4.17)
At this point is important to notice that the bulk modulus defined in (4.17) is just
the ”solid” contribution, which indeed vanishes in the pure RN ”fluid” solution. On
the contrary, the bulk modulus (intended as the total one) is nonzero even in the
fluid phase and it gives rise to the common finite speed of longitudinal sound , i.e.
c2L = K/(ǫ + p), which has already been analyzed in the literature. In other words,
we can think of K in (4.17) as the additional contribution to the bulk modulus, and
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Figure 8: The reduced bulk elastic modulus K˜ = 16πGNK/k4 (left panel) as a functions
of k/T for select values of T
µ
= { 1
12
, 1
6
}, {red,green} curves, at the criticality. The right
panel presents the same quantity as a function of T/µ close to criticality at fixed value
k
T
= 5.
therefore the longitudinal sound speed, due to the solid nature of the media11.
All the physical observables in the previous formulas can be obtained explicitly using
holographic renormalization (see Appendix C for details). The numerical results for
the reduced bulk elastic modulus K˜ = 16πGNK/k4 are collected in fig. 8. Left panel
presents results as a function of k
T
for select values of T
µ
= { 1
12
, 1
6
}, {red,green} curves,
at the criticality; right panel demonstrates the critical behavior of the modulus at fixed
k
T
= 5. The critical exponent for the bulk elastic modulus αK in our model is
K˜ ∝
(
1− T
Tcrit
)αK
, αK = 1 (4.18)
4.3 Viscoelastic transport with explicit Z2 symmetry breaking
Another interesting regime of the model is the explicit breaking of the Z2 symmetry
at fixed value of the symmetry breaking parameter δ∆ relative to the equilibrium tem-
perature T , but with varying lattice spacing ∆x (or equivalently k
T
). To limit the
parameter space, we set the chemical potential µ = 0 and further restrict
∆ = 2 , {γ, λ1, λ2} = {1, 0, 1} (4.19)
11See [21] for an explicit computation of such a correction due to the spontaneous symmetry breaking
of translational invariance in a slightly different holographic model.
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Figure 9: Bulk scalar behavior in the background geometry dual to a phase of the
model with explicit Z2 symmetry breaking at fixed
δ2
T 2
.
This regime is represented holographically by the same gravitational bulk equations
(C.1)-(C.5) as in section 4.2, albeit with the vanishing bulk gauge potential
a(z) ≡ 0 (4.20)
The details of the setup and the numerical computations are presented in Appendix
C. The AdS boundary condition for the scalar which reflects a δ2 6= 0 source term of
the explicit Z2 symmetry breaking are:
φ = (p2 + α ln z)z
2 +O(z6 ln2 z) (4.21)
where we introduced a dimensionless parametrization12 of δ2 > 0 as
δ2 =
α
x2h
(4.22)
Once again, the background has to be determined numerically. In fig. 9 we present
the behavior of the scalar field at the horizon ph,0, and p2 (related to the expectation
value of the dual O2 operator) at fixed δ2T 2 as a function of kT . Notice that in the limit
k
T
→∞ (vanishing lattice spacing) the scalar is exponentially suppressed at the horizon,
while the expectation value of the corresponding dual operator is finite. As a result, in
this limit, the horizon of the gravitation background is ’hairless’ Schwarzschild, leading
to the universal result for the shear viscosity [36]. On the contrary, finiteness of p2 as
k
T
→∞ suggests that the shear elastic modulus remains finite. These expectations are
12Comparing with [41] δ2 ∝ +m2 > 0.
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Figure 10: Elastic shear modulus Gˆ = 16πGN G/T
4 and the shear viscosity η˜ =
4πη/S − 1 at fixed δ2/T 2.
indeed supported by direct computations. Fig. 10 collects the numerical results for
Gˆ ≡ 16πGN G
T 4
, η˜ =
4πη
S − 1 (4.23)
Notice that while η˜ → 0 as k
T
→∞, Gˆ remains finite.
The fluid-gravity correspondence [4] identifies the effective theory of small fluctu-
ations of the holographic horizon with the hydrodynamics of the boundary plasma.
In the limit k
T
→ ∞ the horizon fluctuations are sensitive to the translational sym-
metry breaking only through the mediator — the bulk scalar φ, which is vanishingly
small. Thus, we expect that hydrodynamics (at least for the first few orders in the
gradient expansion) should not feel the spatial lattice of our viscoelastic media. The
non-hydrodynamic plasma excitations should know about the translational symmetry
breaking. Following [42] we study the quasinormal modes in the shear/scalar channels
of the holographic dual13. Because of the spatial lattice, the momentum ~q of the modes
must be quantized. All the modes except those with ~q = 0 become infinitely heavy
in the limit of vanishing lattice spacing, and decouple. Thus, we focus on the ~q = 0
sector. In this sector there is no distinction between the scalar channel and the shear
channel QNMs. Numerical results for the lowest nonhydrodynamic QNM are collected
in fig. 11. As expected, here
lim
k/T→0
ω
T
6= lim
k/T→∞
ω
T
(4.24)
13Sound channel fluctuations are more involved and will not be discussed here.
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Figure 11: Lowest non-hydrodynamic mode at zero spatial momentum in the
shear/scalar channel at fixed δ2/T
2. We define ωˆ = ω/(2πT ) the reduced frequency.
5 Hydrodynamics of homogeneous and isotropic flows
In this section we study the all-order hydrodynamics of the viscoelastic media under-
going the homogeneous and isotropic expansion following [15, 16]. We focus on the
explicit Z2 flavor symmetry breaking to leading nontrivial order in the source, i.e.,
O(δ2∆). We omit technical details and refer the interested reader to the earlier work.
There are many probes of the all-order hydrodynamics: expectation values of the
correlation functions, entanglement entropy, etc. We consider the entropy production
of the viscoelastic plasma in the background metric (2.5). To compute the entropy
production (2.8) to order O(δ2∆) it is sufficient to study the linearized, order O(δ∆),
scalar field dynamics in (2.9):
0 =∂2τzφ−
(z2 − 1)(q2z4 − 3z2 − 3)
6a
∂2zzφ−
3q2z6 − q2z4 − 3z4 − 9
6za
∂zφ
− 3
2z
∂τφ+
m2eff
2z2a
φ ,
m2eff ≡∆(∆− 4)− z2(4γq2z4 − 3λ2s4z2 − 3λ1s2) , φ = φ(τ, z) , a = a(τ)
(5.1)
where we introduced
τ ≡ t
xh
, z ≡ x
axh
∈ [0, 1] , Q = q
x3h
, k =
s
xh
(5.2)
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leading to the comoving entropy production rate
d
dt
ln
(
a3S) = 1
4πT (t)
(d+φ)
2
∣∣∣∣
x=xha
, T (t) ≡ 6− q
2
6πxha(t)
(5.3)
T (t) is a local temperature, red-shifting as T (t) = T0
a(t)
, T0 ∼ 1xh . A general solution to
(5.1) can be written as a series expansion in the derivatives of the scalar factor a(t),
xh
da
dt
= da
dτ
≡ a˙≪ 1,
φ(τ, z) = δ∆a
4−∆x4−∆h
∞∑
n=0
Tn,∆[a(τ)] F∆,n(z) (5.4)
where the functional Tn,∆[a] involves n τ -derivatives of the scale factor, and
Tn,∆ = aT˙n−1,∆ + (4−∆)a˙Tn−1 , T0,∆ = 1
0 = F ′′n,∆ +
3q2z6 − q2z4 − 3z4 − 9
z(q2z4 − 3z2 − 3)(z2 − 1)F
′
n,∆ +
3m2eff
(q2z4 − 3z2 − 3)(1− z2)z2Fn,∆
+
6
(q2z4 − 3z2 − 3)(1− z2)
(
F ′n−1,∆ −
3
2z
Fn−1,∆
)
, n > 0
0 = F ′′0,∆ +
3q2z6 − q2z4 − 3z4 − 9
z(q2z4 − 3z2 − 3)(z2 − 1)F
′
0,∆ +
3m2eff
(q2z4 − 3z2 − 3)(1− z2)z2F0,∆
F0,∆ = z
4−∆ (1 +O(z)) , Fn>0,∆ = z4−∆O(z) , Fn,∆ = O((1− z)0)
(5.5)
The all-order entropy production expression (5.3) then takes form
d
dt
ln
(
a3S) = 1
4πT (t)
(xha)
6−2∆δ2∆ (Ω∆[a])
2 , Ω∆ =
∞∑
n=0
Fn,∆
∣∣∣∣
z=1
Tn+1[a] (5.6)
The recursive relation for Tn,∆ can be solved analytically for simple scale factors —
e.g., choosing de Sitter expansion, a(t) = eHt = exp(Hxhτ), we find
Tn,∆ = Γ(n+ 4−∆)(Hxh)
nan
Γ(4−∆) (5.7)
Notice that to leading order in the derivative expansion,
d
dt
ln
(
a3S) = 1
T
(3H)2
{
(4−∆)2
36π
δ2∆
(πT )8−2∆
(F0,∆(1))
2
(
1− q
2
6
)8−2∆ }
+O(H
4
T 3
)
(5.8)
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Figure 12: Reduced bulk viscosity ζˆ∆ (left panel: ∆ = 2; right panel: ∆ = 3) of the
holographic viscoelastic media to leading order in the explicit Z2 symmetry breaking
(see (5.10) for parametrization). Color coding corresponds to different values of the
ratio of temperature T to the chemical potential µ: T
µ
= 1
12
(red), T
µ
= 1
6
(green), T
µ
= 1
3
(magenta) and T
µ
= 2
3
(blue). The former two values are below the critical values of
T/µ|crit at s = 0, and the latter two are above for ∆ = 2. For ∆ = 3 model only the
red curve corresponds to T
µ
below the critical value. Black curves correspond to neutral
viscoelastic media, i.e., µ = 0.
which when compared with the entropy production for the homogeneous and isotropic
flow in the hydrodynamic approximation14
d
dt
ln
(
a3S) ≈ 1
T
(∇ · u)2 ζS (5.9)
identifies the bulk viscosity of the viscoelastic medial to order O(δ2∆) as
ζ
S =
(4−∆)2
36π
δ2∆
(πT )8−2∆
ζˆ∆ , ζˆ∆ ≡ (F0,∆(1))2
(
1− q
2
6
)8−2∆
(5.10)
The reduced bulk viscosity ζˆ∆ = ζˆ∆(γ, λ1, λ2, s, q) is presented in fig. 12 for the vis-
coelastic models with ∆ = {2, 3} and {γ, λ1, λ2} = {1, 0, 1} for select values of
T
µ
=
6− q2
6πq
(5.11)
Notice that the bulk viscosity vanishes in the large-s (small lattice spacing) limit. Again
this is a reflection of the fact that the hydrodynamic transport is determined by the
14It was shown in [15] that the bulk viscosity extracted from (5.9) correctly reproduces the viscosity
extracted fromMinkowski spacetime equilibrium two-point correlation function of the boundary stress-
energy tensor.
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near horizon regime of the gravitational dual, and the bulk scalar field is exponentially
suppressed at the horizon in this limit, see fig. 9. Much like the shear elastic modulus
Gˆ and the correction to the shear viscosity κ (see fig. 4), the bulk viscosity diverges in
the phase with explicit Z2 symmetry breaking close to criticality.
In the rest of this section we present results for all-order computation of Ω∆ for the
viscoelastic model with ∆ = 2. We consider {γ, λ1, λ2} = {1, 0, 1} neutral viscoelastic
medial in section 5.1, and charged plasma with spontaneous symmetry breaking in
section 5.2.
5.1 Neutral viscoelastic media
Setting λ1 = q = 0 and γ = λ2 = 1, we can solve equation (5.5) for F0,2 and F1,2
analytically15:
F0,2 =− πz
2
4 cosh(pi
√
3
4
s)
2F1
[
1
2
− 1
4
i
√
3s ,
1
2
+
1
4
i
√
3s ; 1 ; 1− z4
]
F1,2 =2 (arctan(z) + arctanh(z))F0,2(z)
+
π2
4 cosh2(pi
√
3
4
s)
z2 2F1
[
1
2
− 1
4
i
√
3s ,
1
2
+
1
4
i
√
3s ; 1 ; z4
] (5.12)
We solved numerically (5.5) for n = 2 · · ·300, Borel transformed Ω∆=2 → Ω(B)∆=2, Pade
approximated the result, extracted the poles and compared them with the appropriate
QNMs [15, 16].
Fig. 13 (left panel) reproduces the result reported in [15] for the agreement between
the QNMs
ωˆQNM =
ω
T
(5.13)
and Borel plane leading singularities ξ0,
ξ0 ⇐⇒ −iωˆQNM (5.14)
in the plasma (fluid) case, i.e., s = 0. For arbitrary small s 6= 0 a W -shaped wall-of-
poles appears (right panel, s = 10−4): the singularities of the Borel plane to the right
of the wall are faithfully reproduced by the QNMs, while those behind the wall do not.
As s further decreases, the wall moves to the left, revealing the agreement between the
singularities and the high-order QNMs. We can track the location of the wall ξwall as
15Analytical solution is available for all ∆.
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Figure 13: Positions on the Borel plane of leading singularities ξ0 closest to the origin
for Ω
(B)
∆=2 are given by solid circles for s = 0 (left panel) and s = 10
−4 (right panel).
Crosses correspond to QNM frequencies ωQNM(T ) = ωˆQNMT and ξ0 = −iwˆQNM for
∆ = 2 bulk scalar for corresponding s. Red solid circle characterizes the location of
the wall-of-poles.
a function of s by its purely real pole closest to the origin — depicted by a red circle
(right panel),
Im [ξwall] = 0 (5.15)
Location of the wall-of-poles is shown in fig. 14. Note that the wall is removed very
slowly as s→ 0; fig. 15 (left panel) shows the structure of the singularities at s = 10−12
— even for this tiny value of s the singularity structure of the Pade approximate of
Ω
(B)
∆=2 is distinctly different from the one at s = 0, see left panel fig. 13. The wall of
poles persist for large values of s, see fig. 15 (right panel): in the limit s≫ 1 its location
approaches ξwall → −2π. We want to stress that there is no QNM in the spectrum
with the frequency
ωˆQNM,wall−solid = lim
s→∞
iξwall = −2πi (5.16)
It is not clear to us whether the wall-of-poles is an artifact of the Pade approximation
of Ω
(B)
∆=2 or is a genuine reflection of the viscoelastic properties of the media.
Fig. 16 represents the Borel plane singularities and the QNM frequencies at s = 100
(left panel) and s = 1000. In the left panel we indicated the ’flow’ of the QNM
frequencies as s changes in the interval [0, 100]. Again, the singularities to the right of
the wall-of-poles are in excellent agreement with the corresponding QNM frequencies.
Note that as s increases, the Borel plane singularities to the right of the wall move
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Figure 14: Location of the wall-of-poles as a function of s. The dashed line indicates
the asymptotic value ξwall = −2πi for s→∞.
closer to the imaginary axes (the corresponding ωˆQNM have vanishingly small imaginary
part). This is emphasized in the right panel, where the ratio Re[ξ0]/Im[ξ0] varies from
∼ 10−19 to ∼ 10−6 for the poles closest to the origin to the one furthest away. In the
limit s→∞ we expect the ’solid’ properties of the viscoelastic media to be enhanced:
the QNMs on the branch corresponding to the gravitational bulk scalar fluctuations
approach ’normal modes’ — the nearly non-dissipative fluctuations characteristic of
those of the perfect lattice.
5.2 Charge plasma with spontaneous symmetry breaking
We now consider the ’charged fluid/plasma’ regime of the viscoelastic media: γ = 1
and s = 0 but with q 6= 0. Specifically, we choose q = 2.24, corresponding to (see fig. 2)
T
µ
≈ 1
10
T
µ
∣∣∣∣
crit,s=0
(5.17)
Since we are below the critical temperature for the spontaneous Z2 symmetry breaking,
the plasma is unstable: there is a branch of the QNMs with Re[wˆQNM ] = 0. Some of the
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Figure 15: Borel plane singularities (solid circles) and the QNM frequencies (crosses)
at s = 10−12 (left panel) and s = 1000 (right panel). Red solid circles characterize the
location of the wall-of-poles: the wall is relevant for the singularity structure of the
Pade approximate of Ω
(B)
∆=2 for wide range of values of s.
modes on this branch have Im[wˆQNM ] > 0, signaling the perturbative instability. Of
course, there is also the branch of the QNMs with complex frequencies — this is µ 6= 0
deformation of the neutral fluid/plasma QNM frequencies computed in [43]. The QNM
frequencies at q = 2.24 are represented by the red crosses, while those at q = 0 (µ = 0)
are represented by the green crosses in fig. 17. The orange lines represent the ’flow’ as
q ∈ [0, 2.24] of the complex QNM frequencies. As before, solid blue circles represent
the Borel plane singularities. There is a good agreement only with the first two QNMs
on the Re[wˆQNM ] = 0 branch. One of these two modes is unstable — we see that
the Borel resummation of the hydrodynamic derivative expansion captures the plasma
instabilities. As in examples in section 5.1, there is a (distinct) wall-of-poles: there is
no agreement between the QNM frequencies and the Borel plane singularities close-to
or to the left of the wall. As we turn on s 6= 0 (at fixed q 6= 0), viscoelastic media
instabilities are suppressed, provided s is sufficiently large (see fig. 2) — we observed
that in this case all the QNMs on Re[wˆQNM ] = 0 branch are stable. While we did not
study this in details, we believe that the wall-of-poles will move to Re[ξ0] → −∞ as
q → 0, revealing better agreement with the Borel plane singularities (for small enough
q the QNM branch with Re[wˆQNM ] = 0 will disappear). It would be interesting to
better understand why there is worse agreement between the Borel plane singularities
and the QNM frequencies for the charged viscoelastic media. This might be related
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Figure 16: Borel plane singularities (solid circles) and the QNM frequencies (crosses)
at s = 100 (left panel) and s = 1000 (right panel). Red solid circles characterize the
location of the wall-of-poles. Green crosses represent QNM frequencies at s = 0, red
crosses correspond QNM frequencies at s = 100 (left panel) and s = 1000 (right panel).
Orange lines represent the ’flow’ of the QNM frequencies as s ∈ [0, 100].
to the present of additional singularities16 in (5.5) at q 6= 0 (also for λ1 6= 0), which
renders Pade approximation not reliable for the high-order poles of the Borel transform
of Ω∆ — i.e., there might be additional singularities (besides the poles) of the Borel
transform.
6 Conclusions and discussion
The goal of this project was understanding the large-order perturbative expansion of a
viscoelastic media with a control parameter smoothly interpolating between the fluid
and the solid. Previously, both the all-order fluid hydrodynamics [7] and the all-order
theory of elasticity [8] were argued to be asymptotic expansions (in velocity gradients
and strain gradients correspondingly). The nonperturbative effects responsible for the
zero radius of convergence of the perturbative expansions were argued to be distinct
in both cases: these are the QNMs of the fluid and cracks in brittle solids. To analyze
the problem in a controlled setting, we embedded it in the framework of holographic
gauge theory/gravity correspondence. Specifically, we focused on a class of viscoelastic
holographic models introduced in [17]:
the condensate of the holographic superconductor is coupled to the axion sector with
16Similar phenomenon was observed in [16].
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Figure 17: Borel plane singularities (solid circles) and the QNM frequencies (crosses)
at s = 0 with T
µ
≈ 1
10
T
µ
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crit,s=0
. Green crosses represent QNM frequencies at µ = 0,
red crosses represent QNM frequencies at corresponding T
µ
. Orange lines represent the
’flow’ of the QNM frequencies as µ changes from zero.
a flavor symmetry;
turning on a source term for the axions necessitates the introduction of the spatial
lattice, explicitly breaking the translational invariance;
once the axion flavor symmetry is spontaneously (or explicitly) broken, the homo-
geneous and isotropic states of the viscoelastic media ’feel’ the breaking of the trans-
lational invariance, leading to the a nonzero shear elastic modulus — an important
differentiating feature between fluids and solids;
controlling the scale of the source term for the axions (inversely proportional to the
spatial lattice spacing ∆x) we can interpolate between the fluid and the solid regimes
of the viscoelastic media.
Physically, the intuitive picture of our holographic viscoelastic media is that of
the crystalline lattice of spacing ∆x, immersed in a fluid: as ∆x → ∞ the lattice is
removed and one is left with the fluid only. We presented a rather detailed exploration
of the media (2.1):
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• We studied the equilibrium phase diagram of the model with both explicit and
spontaneous flavor symmetry breaking. We identified the critical behavior and
the instabilities in the microcanonical and grand canonical ensembles. As com-
mon in holographic models, the critical behavior is mean-field.
• We showed that either with explicit or spontaneous flavor symmetry breaking in
the model there is a nonzero shear elastic modulus G when the lattice spacing
∆x is finite. Furthermore, the shear elastic modulus vanishes in the ’fluid limit’:
lim
∆x→∞
G = 0 (6.1)
• In case of the spontaneous symmetry breaking, we utilized the underlying confor-
mal symmetry of the model to show that there is a nonzero bulk elastic modulus
K as well, when ∆x is finite. Both the shear and the bulk elastic moduli vanish
at the criticality, G ∼ (Tcrit−T )αG and K ∼ (Tcrit−T )αK , with the same critical
exponent αG = αK = 1. It is clear that these critical exponents are not universal,
and instead depend on the coupling of the condensate to the axion sector of the
model. Specifically, modifying the coupling of the bulk scalar φ to the axions
ψI from φ
2 to φ2n is expected to produce critical exponents αG = αK = n. The
reason for this is simple: close to critically φ ∼ (Tcrit−T )1/2, characteristic of the
mean-field behavior, and the elastic moduli respond proportional to the coupling
strength, i.e., ∼ φ2n.
• In case of the explicit flavor symmetry breaking we found that the shear elastic
modulus G→ const as ∆x→ 0, indicative of the ’solid limit’.
• We analyzed the hydrodynamic transport of the model: the shear viscosity (ex-
tracted via a Kubo formula from the retarded two-point correlation function of
the stress-energy tensor) and the bulk viscosity. The shear viscosity violates the
bound η
s
≥ 1
4pi
both for the explicit and the spontaneous flavor symmetry breaking
at finite ∆x. This violation vanishes in the fluid limit, and at the criticality (in
case of the spontaneous symmetry breaking). Somewhat unexpectedly, both the
violation of the shear viscosity bound and the bulk viscosity vanish in the solid
limit as well, i.e., when ∆x → 0. The physical reason is unclear to us, but at
a technical level this is related to the exponential suppression of the bulk scalar
field φ in our model at the horizon of the gravitational dual in the limit ∆x→ 0.
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Since the hydrodynamic transport is fully determined by the small fluctuations
of the horizon, in the solid limit, the horizon is scalar-hair free, leading to the
universal shear viscosity and the vanishing bulk viscosity. Note that the bulk
scalar φ is not suppressed near the AdS boundary in the solid limit, which is
likely responsible for the nonvanishing of the elastic shear modulus in this limit.
• Although the hydrodynamic transport (shear and bulk viscosities) are that of the
conformal fluid in the ’solid limit’ of our viscoelastic media, the nonhydrodynamic
excitations feel the lattice. In the limit ∆x → 0 only the modes with vanishing
spatial momentum remain in the spectrum. Modes in the scalar/shear channels
(according to classification of [42]) experience a small but nonzero off-set, see
(4.24). The nonhydrodynamic modes of the condensate are profoundly affected:
the complex frequencies on this branch have exponentially suppressed imaginary
part compare to the real part, see the right panel of fig. 16. They represent the
nearly non-dissipative fluctuations characteristic of those of the perfect lattice.
• We studied the homogeneous and the isotropic expansion of the viscoelastic me-
dia to all orders in the velocity gradients, but to leading order in the explicit
flavor symmetry breaking. We focused on a particular observable: the non-
equilibrium entropy production rate. For neutral viscoelastic media we found a
good agreement between the poles of the Pade approximant of the Borel trans-
form of the observable, and the corresponding QNM frequencies. The Borel plane
singularities closest to the origin follow the flow of the QNM with ∆x, correctly
reproducing the solid limit with nearly nondissipative nonhydrodynamic excita-
tions of the flavor symmetry breaking condensate, see fig. 16. We observed a W
-shaped wall-of-poles, which presence hampers the agreement between the Borel
plane singularities and the QNM frequencies. We observed the lingering effects of
the wall in the fluid limit, i.e., ∆x→∞, see fig. 14. Unfortunately we could not
establish whether the presence of the wall indicates a new nonperturbative effect
contributing to the asymptotic character of the viscoelastic gradient expansion,
or is simply an artifact of the Pade approximation. We did establish that the
presence of the wall is robust with respect to the truncation order in series ex-
pansion (5.6). For charged viscoelastic media there is also a wall-of-poles, albeit
a different one — in this case the agreement between the Borel plane singulari-
ties and the QNM frequencies is limited to 1-2 modes, closest to the origin. We
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established that the all-order derivative expansion for the charged fluid correctly
identifies nonhydrodynamic instabilities associated with the spontaneous flavor
symmetry breaking, see fig. 17.
There are many open questions left for future analysis:
First and foremost, we did not identify the cracks present within the theory of elas-
ticity for brittle materials. We don’t know whether our holographic viscoelastic media
is brittle. The wall-of-poles on the Borel plane hints to additional singularity struc-
ture(s), beyond the poles of the Pade approximant.
We focused on one observable, i.e., the nonequilibrium entropy production rate.
What are the large-order hydrodynamic expansions of one- and higher-point correla-
tion functions and of the entanglement entropy?
To leading order in the explicit symmetry breaking, the elastic moduli and the trans-
port coefficients diverge as one approaches the criticality. The observed divergences
(see figs. 4-5 for example) are outside the regime of the validity of the probe approxi-
mation and the full nonlinear analysis is necessary.
We are not aware of any discussion of the bulk elastic modulus in holographic non-
conformal models17.
To facilitate the computations, we restricted the all-order hydrodynamic analysis to
a particular flow: the homogeneous and isotropic expansion. It would be interesting
to analyze hydrodynamic perturbation theory of the boost-invariant expansion.
We studied nonhydrodynamic excitations in our viscoelastic media in the scalar/shear
channels, and for the condensate. The analysis of the QNMs in the sound channel is
left for the future work.
It would be interesting to analyze the fate of the bulk viscosity bound [44] in the
presence of the elastic features.
Quenching the holographic media and study of its thermalization, as done for ex-
ample in [45–47], could provide further insights about its viscoelastic features and in
particular the possible presence of slow relaxation and aging typical of glassy systems
(see [48, 49] for some early attempts).
Lastly, it is important to explore different holographic viscoelastic models [14, 19]
within the context of all-order hydrodynamic expansion. A particularly interesting
case is represented by those models where the shear viscosity vanishes in the ’solid
limit’ [20, 33, 35].
17With the exception of a formula given, but not studied in any direction, in [13].
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A Details about the model and its EOMs
We start with an effective Maxwell-Enstein-Hilbert action in asymptotically AdS5 ge-
ometry with three complex scalar fields ΦI enjoying SU(3) flavor symmetry:
S =
1
16πGN
∫
M5
d5x
√−g
[
R− δ
IJ
3
∂ΦI∂Φ¯J − 1
4
Z(ΦIΦ¯
I) F 2 − V (ΦIΦ¯I)
]
V =− 12 + m
2
3
ΦIΦ¯
I , Z = 1 +
2γ
3
ΦIΦ¯
I , m2 = ∆(∆− 4)
(A.1)
where ∆ is a scaling dimension of the dual boundary operator, and the bulk coupling
constant obeys γ > 0. Introducing
ΦI =
φ√
2
ei
√
3ψI , with identification ψI ∼ ψI + 2π√
3
, (A.2)
we rewrite (A.1) with manifest U(1)3 flavor symmetry
S =
1
16πGN
∫
M5
d5x
√−g
[
R + 12− 1
2
(∂φ)2 − 1
4
(1 + γφ2) F 2 +
∆(4−∆)
2
φ2
− 1
2
φ2
3∑
I=1
{
(∂ψI)
2
}] (A.3)
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Notice that a consistent truncation of (A.3) with ψI ≡ 0 leads to an effective action
Ssc of a neutral holographic superconductor:
Ssc =
1
16πGN
∫
M5
d5x
√−g
[
R + 12− 1
2
(∂φ)2 − 1
4
(1 + γφ2) F 2 +
∆(4−∆)
2
φ2
]
(A.4)
where the operator Oφ, dual to the bulk mode φ, has a conformal dimension ∆.
The effective action we use throughout the paper is a simple generalization of (A.3).
As in [27], in the absence of the source term for a real bulk scalar φ, spatially ho-
mogeneous and isotropic thermal charged states of (A.4) will become unstable with
respect to a φ-condensate (below some critical temperature or the energy density); the
role of the bulk coupling constant γ > 0 is to stimulate this condensation process, i.e.,
increase the critical temperature/energy density.
The equations of motion which follows from the action (2.1) presented in the main text
are, d+ ≡ ∂t − x2A∂x and ′ ≡ ∂x, · ≡ ∂t,
0 =(d+φ)
′ +
3
2
(lnΣ)′d+φ+
3
2
φ′d+(lnΣ)− γ
2
x2(a′0)
2φ+
φ
2x2
(
∆(∆− 4)
+
3λ1k
2
Σ2
+
3λ2k
4
Σ4
) (A.5)
0 = (d+Σ)
′ + 2(lnΣ)′d+Σ− x
2
12
Σ(a′0)
2(1 + γφ2) +
2
x2
Σ− φ
2Σ
12x2
(
∆(∆− 4)
+
3λ1k
2
Σ2
+
3λ2k
4
Σ4
) (A.6)
0 = A′′ +
2
x
A′ +
6
x2
(lnΣ)′d+(lnΣ)− φ
′
2x2
d+φ− 7
12
(a′0)
2(1 + γφ2) +
2
x4
− φ
2
12x4
(
∆(∆− 4) + 9λ1k
2
Σ2
+
15λ2k
4
Σ4
) (A.7)
0 = a′′0 + a
′
0
(
ln(x2Σ3)(1 + γφ2)
)′
(A.8)
Additionally, there are ’constraints’:
0 =Σ′′ +
2
x
Σ′ +
1
6
Σ(φ′)2 (A.9)
0 =d2+Σ+ A
′x2d+Σ +
1
6
Σ(d+φ)
2 (A.10)
0 =∂t
(
a′0Σ
3(1 + γφ2)
)
(A.11)
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Once the equation (A.9) is satisfied at some time t = 0, by virtue of (A.5)-(A.8) it
is satisfied at any time t > 0. Similarly, once equations (A.10)-(A.11) are satisfied at
any radial location, e.g., the AdS5 boundary at x = 0, for all times, they are satisfied
at any other radial location. These equations represent the conservation of the energy
density (eq. (A.10)) and the charge density (eq. (A.11)).
EOMs in Fefferman-Graham coordinates
The EOMs in the FG coordinates (4.1) are given by
0 =C ′′ +
C(γφ2 + 1)
6A
(a′0)
2 − 4CB + C
6
(φ′)2 − C
′B′
2B
+
Bφ2
6
(
C∆(∆− 4) + 3k
4λ2
C
+ 3k2λ1
) (A.12)
0 =A′′ − (A
′)2
2A
+
(
C ′
C
− B
′
2B
)
A′ − A
2C2
(C ′)2 +
A
6
(φ′)2 − 5
6
(1 + γφ2)(a′0)
2 − 4AB
+
φ2AB
6
(
∆(∆− 4)− 9k
4λ2
C2
− 3k
2λ1
C
)
(A.13)
0 =φ′′ +
(
A′
2A
+
3C ′
2C
− B
′
2B
)
φ′ + φ
(
γ
A
(a′0)
2 − B
(
∆(∆− 4) + 3k
4λ2
C2
+
3k2λ1
C
))
(A.14)
0 =(γφ2 + 1)a′′0 + a
′
0
(
(φ2)′γ −
(
A′
2A
+
B′
2B
− 3C
′
2C
)
(1 + γφ2)
)
(A.15)
and the first-order constraint, related to reparametrization of the radial coordinate,
0 =(a′0)
2(1 + γφ2)− A(φ′)2 + 3A(C
′)2
C2
+
3C ′A′
C
− 24AB
+ ABφ2
(
∆(∆− 4) + 3k
4λ2
C2
+
3k2λ1
C
) (A.16)
B Shear elastic modulus and shear viscosity at leading order
Notice that to leading order in O(φ2), both the metric warp factors {A,B,C} and the
bulk gauge potential a0 are corrected. However, as we show, the viscoelastic trans-
port is completely determined by the corresponding quantities without the bulk scalar
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backreaction, i.e., the Z2 symmetric or the Reissner-Nordstro¨m black brane solution:
AZ2 =
f
x2
, BZ2 =
1
x2f
, CZ2 =
1
x2
f = 1− x
4
x4h
− µ
2x4
3x2h
(
1− x
2
x2h
)
, a0,Z2 = µ
(
1− x
2
x2h
) (B.1)
where xh is the location of the horizon, related to temperature T ,
T =
1
πxh
− µ
2xh
6π
(B.2)
and µ is the chemical potential.
To extract {G, η} we need to solve (4.3) to order O(ω), subject to the boundary con-
dition (4.4) and an incoming wave boundary condition at the horizon. It is convenient
to represent
H = H0(x;ω) +H1(x;ω) (B.3)
where the two functions satisfy, correspondingly18
0 = H ′′0 +
1
2
H ′0
(
ln
AC3
B
)′
0 = H ′′1 +
1
2
H ′1
(
ln
AC3
B
)′
+H0
(
−Bφ
2k2
C2
(
2k2λ2 + Cλ1
)) (B.4)
where H0 and H1 has to be solved to order O(φ2) — the latter guarantees that (B.3)
solves (4.3) to order O(φ2). The first equation in (B.4) can be solved, to all orders in
φ, following [50]:
The general solution takes form
H0 = h0,0 + h0,1
∫ x
0
dy
B(y)1/2
A(y)1/2C(y)3/2
(B.5)
where the integration constants h0,i are fixed from the boundary conditions as
h0,0 = 1 , h0,1 =
iω
x3h
(B.6)
Expanding (B.5) near the boundary, we find
H0 = h0,0 +
h0,1
4
x4 +O(x8 ln2 x) = 1 + iω
4x3h
x4 +O(x8 ln2 x) (B.7)
18The term O(ω2) is important to properly set up the incoming wave boundary conditions, but can
be neglected otherwise.
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leading to (see (4.4)-(4.9))
hb4,0 =
iω
4x3h
=⇒ GRx1x2,x1x2 = −
iω
4π
1
4GNx3h
= − iω
4π
S
=⇒ G
∣∣∣∣
0
= 0 ,
η
S
∣∣∣∣
0
=
1
4π
(B.8)
i.e., to this order, elastic shear modulus vanishes, and the shear viscosity is universal,
as first established at this level of generality in [50].
Having H0 (B.5), we can analytically solve
19 the second equation in (B.4):
H1(x) =−
∫ x
0
dy
B(y)1/2
A(y)1/2C(y)3/2
×
{∫ xh
y
dz
H0(z)A(z)
1/2B(z)1/2φ(z)2
C(z)1/2
(λ1k
2C(z) + 2k4λ2)
} (B.9)
Notice that H1(x → 0) = 0, and so the asymptotic normalization of H in (4.4) is
preserved; additionally, because the inner integral
∫ xh
y
[· · · ] → 0 as y → xh H1(x)
does not have a log-singularity as x→ xh implying that the incoming wave boundary
conditions set by H0(x) is not modified. From (B.9) we extract
hb4,1 = −
1
4
∫ xh
0
dz
H0(z)A(z)
1/2B(z)1/2φ(z)2
C(z)1/2
(λ1k
2C(z) + 2k4λ2) (B.10)
Recalling (B.5)-(B.6) we conclude
Re[hb4,1] =−
1
4
∫ xh
0
dz
A(z)1/2B(z)1/2φ(z)2
C(z)1/2
(λ1k
2C(z) + 2k4λ2)
Im[hb4,1] =−
ωx3h
4
∫ xh
0
dz
A(z)1/2B(z)1/2φ(z)2
C(z)1/2
(λ1k
2C(z) + 2k4λ2)
×
{∫ z
0
dt
B(t)1/2
A(t)1/2C(t)3/2
} (B.11)
resulting in
16πGN G
∣∣∣∣
1
=
∫ xh
0
dz
A(z)1/2B(z)1/2φ(z)2
C(z)1/2
(λ1k
2C(z) + 2k4λ2)
η
S = −
1
4π
∫ xh
0
dz
A(z)1/2B(z)1/2φ(z)2
C(z)1/2
(λ1k
2C(z) + 2k4λ2)
{∫ z
0
dt
B(t)1/2
A(t)1/2C(t)3/2
}
(B.12)
19The ”−” sign is due to the fact that the inner integral is ∫
y
[· · · ].
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To O(δ∆), using (B.1), we find
0 =p′′ +
(3z2 − 1)β2z4 − 3z4 − 9
z(z2 − 1)(β2z4 − 3z2 − 3)p
′ − 3(3s
2z2(λ2s
2z2 + λ1)− 4β2γz6 +∆(∆− 4))
(β2z4 − 3z2 − 3)(z2 − 1)z2 p ,
(B.13)
where p ≡ φ
δ∆x
4−∆
h
, and similar to (3.2) we introduced
z =
x
xh
∈ [0, 1] , k = s
xh
, µ =
β
xh
=⇒ µ
T
=
6βπ
6− β2 (B.14)
with the extremality reached as β → √6−. Eq. (B.13) has to be solved subject to the
following boundary conditions (∆ = 2):
p = −z2 ln z +O(z2) , p = O(1) (B.15)
Once the solution for the p is determined (numerically), and parameterizing
16πGN G
δ22
= Gˆ(z = 1) ,
η
S =
1
4π
(
1− δ
2
2
T 4
κ(z = 1)
)
(B.16)
we find from (4.10) the differential equations for Gˆ(z) and κ(z):
0 =Gˆ′ − 2s
4p2
z
, Gˆ(z = 0) = 0
0 =κ′ − (β
2 − 6)3s4p2
96z(12β2 + 9)1/2π4
(
ln
√
12β2 + 9 + 3√
12β2 + 9− 3 + ln
√
12β2 + 9 + 2β2z2 − 3√
12β2 + 9− 2β2z2 + 3
+
√
12β2 + 9
9
ln
3(1− z2)
3(1 + z2)− β2z4
)
, κ(z = 0) = 0
(B.17)
We show some example of numerical results in the main text.
C The spontaneously/explicitly broken phases
The spontaneously broken phase
We collect here the details about the results presented in section 4.2 dealing with the
spontaneously broken phase and its transport properties.
As a first step, we construct Z2 symmetry breaking phase in FG coordinate system.
Assuming x ∈ [0, xh], we introduce
A =
1
x2
f1
(
x
xh
)
, B =
1
x2
f2
(
x
xh
)
, C =
1
x2
,
a′0 = −
2β
x2h
a
(
x
xh
)
) , φ = φ
(
x
xh
)
, k =
s
xh
(C.1)
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and using the radial coordinate z = x
xh
we find the following equations:
0 =f ′1 +
1
6
z(φ′)2f1 − 2
3
z3a2(φ2 + 1)β2 − 4f1(f2 − 1)
zf2
− φ
2f1(3s
4z4 − 4)
6zf2
(C.2)
0 =f ′2 −
1
6
z(φ′)2f2 − 2z
3a2f2(φ
2 + 1)β2
3f1
− φ
2(3s4z4 − 4)
6z
+
4(1− f2)
z
(C.3)
0 =a′ +
a
6z(φ2 + 1)
(
z2(φ′)2(φ2 + 1) + 12φφ′z − 6φ2 − 6) (C.4)
0 =φ′′ +
2z2a2β2
3f1
(
φ′z(φ2 + 1) + 6φ
)
+
φ2(3s4z4 − 4) + 6f2 − 24
6zf2
φ′ − 3s
4z4 − 4
z2f2
φ
(C.5)
Eqs. (C.2)-(C.5) have to be solved subject to the following boundary conditions:
f1 = 1 + f1,2z
4 +O(z6) , f2 = 1 +
(
1
3
p22 + f1,2
)
z4 +O(z6)
a = z − 7
6
p22z
5 +O(z9) , φ = p2z2 +O(z6)
(C.6)
and
f1 = f1,h,1(1− z) +O((1− z)2) , a = ah,0 +O((1− z)) , φ = ph,0 +O((1− z))
f2 =
f1,h,1,(24 + (4− 3s4)p2h,0)
2(2a2h,0β
2(p2h,0 + 1) + 3f1,h,1)
(1− z) +O((1− z)2)
(C.7)
Fixing {β, s} (the charge density/chemical potential and the lattice spacing) uniquely
determine the solution, specified by {p2, f1,2, f1,h,1, ah,0, ph,0}. The equilibrium temper-
ature is given by:
T =
f1,h,1
4
√
2πxh
√
24− p2h,0(3s4 − 4)
2β2a2h,0(1 + p
2
h,0) + 3f1,h,1
(C.8)
There is a simple solution to (C.2)-(C.7)
f1 = f2 = 1− z4 − β
2z4
3
(1− z2) , a = z , φ = 0 (C.9)
which is the Z2 symmetric solution (B.1).
Once the Z2 symmetry breaking background is determined, we need to solve (4.3):
0 = H ′′ +
4β2a2z4f2(φ
2 + 1) + φ2f1(3s
4z4 − 4) + 6f1(f2 − 4)
6zf1f2
H ′ +
x2hω
2 − 2z2φ2s4f1
f1f2
H
(C.10)
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We find it convenient to introduce {H0, H1}, which are independent of ω, as
H = (1− z)−iω/(4piT )
(
1 + z4H0(z) +
iω
T
(
z4H1(z)− z
3
12π
− z
2
8π
− z
4π
)
+O(ω
2
T 2
)
)
(C.11)
Notice that H as defined above automatically satisfied an incoming wave boundary
condition at the horizon, provided {H0, H1} are regular at the horizon. Near the AdS
boundary we have:
H0 = h4,0 +
(
− 1
12
h4,0p
2
2 −
1
2
f1,2h4,0 +
1
16
p22s
4
)
z4 +O(z6)
H1 = h4,1 − 1 + 5h4,0
20π
z +O(z2)
(C.12)
Following (4.4) we find
hb4(ω) =
1
x4h
(
h4,0 +
iω
T
(
1
16π
+ h4,1
)
+O(ω
2
T 2
)
)
(C.13)
leading to (see (4.9))
16πGN
G
k4
= −4h4,0
s4
,
η
S =
1
πTxh
(
1
16π
+ h4,1
)
(C.14)
In the Z2 symmetric phase {H0, H1} can be determined analytically, producing
{h4,0, h4,1} =
{
0,
3
16π
− β
2
24π
}
=⇒
{
G
k4
= 0 ,
η
S =
1
4π
}
(C.15)
From the holographic renormalization,
16πGN Q = 2β
x3h
, 16πGN S = 4π
x3h
16πGN E = −3f1,2
x4h
, P = ST + µQ− E
(C.16)
where the temperature T is given by (C.8).
The numerical results are shown in section 4.2.
The explicitly broken phase
In this section we provide more details about the results presented in section 4.3 re-
garding the explicitly broken Z2 phase.
The AdS boundary conditions which reflect a finite δ2 6= 0 source term of the explicit
41
Z2 symmetry breaking are:
f1 = 1 + f1,2z
4 +O(z8 ln2 z) , φ = (p2 + α ln z)z2 +O(z6 ln2 z)
f2 = 1 +
(
1
3
p22 + f1,2 +
α2
24
+
αp2
6
+
(
α2
6
+
2αp2
3
)
ln z +
1
3
ln2 z
)
z4 +O(z8 ln4 z)
(C.17)
where we introduced a dimensionless parametrization20 of δ2 > 0 as
δ2 =
α
x2h
(C.18)
The near horizon asymptotes are as in (C.7) with ah,0 = 0.
Following section 4.2, we need to solve (C.10) (again a(z) ≡ 0) with parametrization
(C.11) and modified asymptotically AdS boundary conditions:
H0 = h4,0 +
(
1
16
p22s
4 − 1
128
α2h4,0 − 1
48
αh4,0p2 − 1
12
h4,0p
2
2 −
1
2
f1,2h4,0 − 3
64
αp2s
4
+
7
512
α2s4 +
(
1
8
αp2s
4 − 1
48
α2h4,0 − 1
6
αh4,0p2 − 3
64
α2s4
)
ln z
+
(
− 1
12
α2h4,0 +
1
16
α2s4
)
ln2 z
)
z4 +O(z8 ln4 z)
H1 = h4,1 − 1 + 5h4,0
20π
z +O(z2)
(C.19)
The shear elastic modulus and the shear viscosity are extracted from (C.13) and (C.14).
The numerical results are presented in the main text.
20Comparing with [41] δ2 ∝ +m2 > 0.
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